
Summary of Mechanics
0) The laws of mechanics apply to any collection of material or ‘body.’ This body could be the overall system of study

or any part of it. In the equations below, the forces and moments are those that show on a free body diagram. Interacting
bodies cause equal and opposite forces and moments on each other.

I) Linear Momentum Balance (LMB)/Force Balance
Equation of Motion

∑
⇀
F i = ˙⇀L The total force on a body is equal

to its rate of change of linear
momentum.

(I)

Impulse-momentum
(integrating in time)

∫ t2

t1

∑
⇀
F i ·dt = �

⇀
L Net impulse is equal to the change in

momentum.
(Ia)

Conservation of momentum
(if

∑ ⇀
F i = ⇀

0 )

˙⇀L =
⇀

0 ⇒
�

⇀
L =

⇀
L2 − ⇀

L1 = ⇀

0
When there is no net force the linear
momentum does not change.

(Ib)

Statics

(if ˙⇀L is negligible)

∑
⇀
F i = ⇀

0 If  the  inertial   terms  are  zero  the 
net force on system is zero. 

(Ic)

II) Angular Momentum Balance (AMB)/Moment Balance
Equation of motion

∑
⇀
MC =

˙

˙⇀HC The sum of moments is equal to the
rate of change of angular momentum.

(II)

Impulse-momentum (angular)
(integrating in time)

∫ t2

t1

∑
⇀
MCdt = �

⇀
HC The net angular impulse  is equal to

the change in angular momentum.
(IIa)

Conservation of angular momentum
(if

∑ ⇀
MC = ⇀

0)

˙⇀HC = ⇀

0 ⇒
�

⇀
HC = ⇀

HC2 − ⇀
HC1 = ⇀

0
If there is no net moment about point
C then the angular momentum about
point C does not change.

(IIb)

Statics

(if ˙⇀HC is negligible)

∑
⇀
MC = ⇀

0 If the inertial terms are zero then the
total moment on the system is zero.

(IIc)

III) Power Balance (1st law of thermodynamics)
Equation of motion Q̇ + P = ĖK + ĖP + Ėint︸ ︷︷ ︸

Ė

Heat flow plus mechanical power
into a system is equal to its change
in energy (kinetic + potential +
internal).

(III)

for finite time
∫ t2

t1
Q̇dt +

∫ t2

t1
Pdt = �E The net energy flow going in is equal

to the net change in energy.
(IIIa)

Conservation of Energy
(if Q̇ = P = 0)

Ė = 0 ⇒
�E = E2 − E1 = 0

If no energy flows into a system,
then  its energy does not change.

(IIIb)

Statics
(if ĖK is negligible)

Q̇ + P = ĖP + Ėint If there is no change of kinetic energy
then the change of potential and
internal energy is due to mechanical
work and heat flow.

(IIIc)

Pure Mechanics
(if heat flow and dissipation
are negligible)

P = ĖK + ĖP In a system well modeled as purely
mechanical the change of kinetic
and potential energy is due to mechanical
work.

(IIId)



Some Definitions
⇀
r or ⇀

x Position .e.g.,
⇀
r i ≡ ⇀

r i/O is the position of a point
i relative to the origin, O)

⇀
v ≡ d ⇀

r

dt
Velocity .e.g.,

⇀
v i ≡ ⇀

v i/O is the velocity of a point
i relative to O, measured in a non-rotating
reference frame)

⇀
a ≡ d ⇀

v

dt
= d2 ⇀

r

dt2 Acceleration .e.g.,
⇀
a i ≡ ⇀

a i/O is the acceleration of a
point i relative to O, measured in a New-
tonian frame)

⇀
ω Angular

(Please also look at the tables inside the back cover.)

velocity A measure of rotational velocity of a rigid
body.

⇀
α ≡ ˙⇀ω Angular acceleration A measure of rotational acceleration of a

rigid body.

⇀
L ≡




∑
mi

⇀
v i discrete∫

⇀
vdm continuous

Linear momentum A measure of a system’s net translational
rate (weighted by mass).

= mtot
⇀
vcm

˙⇀L ≡



∑
mi

⇀
a i discrete∫

⇀
adm continuous

Rate of change of linear
momentum

The aspect of motion that balances the net
force on a system.

= mtot
⇀
acm

⇀
HC ≡




∑
⇀
ri/C × mi

⇀
v i discrete∫

⇀
r /C × ⇀

vdm continuous
Angular momentum about
point C

A measure of the rotational rate of a sys-
tem about a point C (weighted by mass
and distance from C).

˙⇀HC ≡



∑
⇀
ri/C × mi

⇀
a i discrete∫

⇀
r /C × ⇀

adm continuous
Rate of change of angular mo-
mentum about point C

The aspect of motion that balances the net
torque on a system about a point C.

EK ≡



1
2

∑
miv

2
i discrete

1
2

∫
v2dm continuous

Kinetic energy A scalar measure of net system motion.

Eint = (heat-like terms) Internal energy The non-kinetic non-potential part of a
system’s total energy.

P ≡ ∑ ⇀
F i ·⇀

v i + ∑ ⇀
M i ·⇀

ωi Power of forces and torques The mechanical energy flow into a sys-
tem. Also, P ≡ Ẇ , rate of work.

[I cm]≡




I cm
xx I cm

xy I cm
xz

I cm
xy I cm

yy I cm
yz

I cm
xz I cm

yz I cm
zz


 Moment of inertia matrix about

cm
A measure of how mass is distributed in
a rigid body.



Momenta and energy

Linear Momentum Angular Momentum Kinetic Energy

What system

⇀
L ˙⇀L = d

dt

⇀
L

⇀
HC ˙⇀HC = d

dt

⇀
HC

EK

In General

Lx ı̂ + L y ̂ + Lz k̂

= mtot
⇀
vcm

= d
dt (mtot

⇀
rcm)

L̇ x ı̂ + L̇ y ̂ + L̇ z k̂

= mtot
⇀
acm

“F = ma”

HCx ı̂ + HCy ̂ + HCz k̂

= ⇀
r cm/C × ⇀

vcmmtot + ⇀
H cm

= d
dt (no such thing)

ḢCx ı̂ + ḢCy ̂ + ḢCz k̂

= ⇀
r cm/C × ⇀

acmmtot + ˙⇀H cm

= (no simple general expression)

1

2
mtot v2

cm + EK/cm

One Particle P mP
⇀
vP mP

⇀
aP

⇀
r P/C × ⇀

v P mP
⇀
r P/C × ⇀

aPmP
1

2
mPv2

P

System of
Particles

∑
all particles i

mi
⇀
v i

∑
all particles i

mi
⇀
a i

∑
all particles

⇀
r i/C × ⇀

v i mi

∑
all particles

⇀
r i/C × ⇀

a i mi
1

2

∑
all particles

v2
i mi

Continuum
∫

all mass

⇀
v dm

∫
all mass

⇀
a dm

∫
all mass

⇀
r /C × ⇀

v dm
∫

all mass

⇀
r /C × ⇀

a dm
1

2

∫
all mass

v2 dm

System of Systems
(eg. rigid bodies)

∑
all sub-systems

mi
⇀
v i

∑
all sub-systems

mi
⇀
a i

∑
all sub-systems

⇀
HCi

∑
all sub-systems

˙⇀HCi

∑
all sub-systems

EKi

Rigid Bodies

One rigid body
(2D and 3D) mtot

⇀
vcm mtot

⇀
acm

⇀
r cm/C × ⇀

vcmmtot + [Icm] · ⇀
ω︸ ︷︷ ︸

⇀
H cm

⇀
r cm/C × ⇀

acmmtot

+ [Icm] · ˙⇀ω + ⇀
ω × ⇀

H cm︸ ︷︷ ︸
⇀̇
H cm

1

2
mtot v2

cm

+ 1

2
⇀
ω · [Icm] · ⇀

ω︸ ︷︷ ︸
EK/cm

2D rigid body
in xy plane
with ⇀

ω = ωk̂

mtot
⇀
vcm mtot

⇀
acm

⇀
r cm/C × ⇀

vcmmtot + I cm
zz ωk̂︸ ︷︷ ︸
⇀
H cm

⇀
r cm/C × ⇀

acmmtot + I cm
zz ω̇k̂︸ ︷︷ ︸
⇀̇
H cm

1

2
mtot v2

cm

+ 1

2
I cm
zz ω2︸ ︷︷ ︸

EK/cm

One rigid body
if

C is a fixed point

if
C is a fixed point

(2D and 3D)

mtot
⇀
vcm mtot

⇀
acm [IC] · ⇀

ω = ⇀
HC [IC] · ˙⇀ω + ⇀

ω × ⇀
HC

1

2
⇀
ω · [I

C
] · ⇀

ω

2D rigid body

with ⇀
ω = ωk̂

mtot
⇀
vcm mtot

⇀
acm I C

zzωk̂

I Co
zzω̇k̂

“M = Iα”
1

2
I C
zzω

2

TABLE I

(1)

(a) (b) (c) (d) (e)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

The table has used the following terms:
mtot =total mass of system,
mi = mass of body or subsystem i,
⇀
r cm/C = the position of the center of mass relative to
point C ,
⇀
v i = velocity of the center of mass of sub-system or
particle i ,
⇀
a i = acceleration of the center of mass of sub-system
i ,
⇀
HCi = angular momentum of subsystem i relative to
point C.
˙⇀HCi = rate of change of angular momentum of sub-

system i relative to point C.

⇀
H cm = ∑

⇀
ri/cm × (mi

⇀
v i ) angular momentum about

the center of mass˙⇀H cm = ∑
⇀
ri/cm × (mi

⇀
a i ) rate of change of angular

momentum about the center of mass
⇀
ω is the angular velocity of a rigid body,
˙⇀ω = ⇀

α is the angular acceleration of the rigid body,
[Icm] is the moment of inertia matrix of the rigid body
relative to the center of mass, and
[Io] is the moment of inertia matrix of the rigid body
relative to a fixed point (not moving point) on the body.



Summary of methods of calculating velocity and acceleration

Method Position Velocity Acceleration
In general, as measured
relative to the fixed
frame F .

⇀
r or ⇀

r P or ⇀
r P/O

⇀
v or ⇀

v P or ⇀
v P/F

⇀
a or ⇀

a P or ⇀
a P/F

Cartesian Coordinates rx ı̂ + ry ̂ + rz k̂
vx ı̂ + vy ̂ + vz k̂

= ṙx ı̂ + ṙy ̂ + ṙz k̂

ax ı̂ + ay ̂ + az k̂ = v̇x ı̂ + v̇y ̂ + żz k̂

= r̈x ı̂ + r̈y ̂ + r̈z k̂

Polar Coordinates/
Cylindrical
Coordinates

RêR + zk̂ vR êR + vθ êθ + vz k̂

= ṘêR + Rθ̇ êθ + żk̂

aR êR + aθ êθ + az k̂

= (R̈ − Rθ̇2)êR + (Rθ̈ + 2Ṙθ̇ )êθ + z̈k̂

Path Coordinates not used vêt
at êt + an ên

= v̇êt + (v2/ρ)ên

Using data from a
moving frame B with
origin at O ′ and
angular velocity
relative to the fixed
frame of ⇀

ωB . The
point P ′ is glued to B
and instantaneously
coincides with P .

⇀
r O ′/O + ⇀

r P/O ′

⇀
v P ′/F + ⇀

v P/B =

⇀̇
r O ′/O + ⇀

ωB × ⇀
r P ′/O ′︸ ︷︷ ︸

⇀
v P ′/F

+ B ⇀̇
r P/O ′︸ ︷︷ ︸
⇀
v P/B

⇀
a P ′/F + ⇀

a P/B + 2⇀
ωB × ⇀

v P/B =

⇀
a P ′/F︷ ︸︸ ︷

⇀̈
r O ′/O + ⇀

ωB × ⇀
ωB × ⇀

r P ′/O ′ + ⇀̇
ωB × ⇀

r P ′/O ′

+ B ⇀̈
r P/O ′︸ ︷︷ ︸
⇀
a P/B

+2⇀
ωB × ⇀

v P/B

‘the 5-term acceleration formula’

Some facts about path coordinates
The path of a particle is ⇀

r (t).

êt ≡ d ⇀
r (s)

ds
, êt = d ⇀

r (t)

dt

dt

ds
=

⇀
v

v
,

⇀
κ ≡ d êt

ds
= d êt

dt

1

v
, ên =

⇀
κ

|⇀
κ | , eb ≡ êt×ên, ρ = 1

|⇀
κ | .

Summary of the direct differentiation method
In the direct differentiation method, using moving frame B, we calculate

⇀
v P

⇀
v P

= d

dt
⇀
r P

= d

dt

[
⇀
r O ′/O + ⇀

r P/O ′
]∥∥

= d

dt

[
(x ı̂ + y̂ + zk̂) + (x ′ ı̂′ + y′̂ ′ + z′k̂

′
)
]

= (ẋ ı̂ + ẏ̂ + żk̂) + (ẋ ′ ı̂′ + ẏ′̂ ′ + ż′k̂
′
) +[

x ′(⇀
ωB × ı̂

′
) + y′(⇀

ωB × ̂
′
) + z′(⇀

ωB × k̂
′
)
]

but stop

as follows: 

short of identifying these three groups of three terms as ⇀
v P = ⇀

v O ′/O + ˙⇀r rel + ⇀
ωB × ⇀

r P/O .

We c

by using a combination of the product rule of differentiation and the facts that

ould calculate ⇀
a P similarly and would get a similar formula with 15 non-zero terms

˙̂ı′ = ⇀
ωB × ı̂

′, ˙̂ ′ = ⇀
ωB × ̂

′, and
˙̂
k

′ = ⇀
ωB × k̂

′
,

(3 for each term in the ‘five-term’ acceleration formula).

Table II

x

y

x'

y'

P

⇀
r P

⇀
r P/O′

⇀
r O′/O

B

F
O

O'



Object [I ]

[I cm] = m

[
0 0 0
0 0 0
0 0 0

]

[I O ] = m


 y2 + z2 −xy −xz

−xy x2 + z2 −yz
−xz −yz x2 + y2




[I cm] =

 y2

/cm + z2
/cm −x/cm y/cm −x/cm z/cm

−x/cm y/cm x2
/cm + z2

/cm −y/cm z/cm

−x/cm z/cm −y/cm z/cm x2
/cm + y2

/cm


 d m

If the axes are principal axes of the body.︷ ︸︸ ︷
[I cm] =

[
A 0 0
0 B 0
0 0 C

] With A, B, C ≥ 0 and A +
B ≥ C, B + C ≥ A, and
A + C ≥ B.

[I o] =

∫

∫

∫

∫


 y2

/o + z2
/o −x/o y/o −x/oz/o

−x/o y/o x2
/o + z2

/o −y/oz/o

−x/oz/o −y/oz/o x2
/o + y2

/o


 d m

[I o] = [I cm] + m


 y2

cm/o + z2
cm/o −xcm/o ycm/o −xcm/ozcm/o

−xcm/o ycm/o x2
cm/o + z2

cm/o −ycm/ozcm/o

−xcm/ozcm/o −ycm/ozcm/o x2
cm/o + y2

cm/o




︸ ︷︷ ︸
The 3D Parallel Axis Theorem

[I cm] =




y2
/cm −x/cm y/cm 0

−x/cm y/cm x2
/cm 0

0 0 x2
/cm + y2

/cm︸ ︷︷ ︸
I cm
zz


 d m

If the axes are principal axes of the body.︷ ︸︸ ︷
[I cm] =

[
A 0 0
0 B 0
0 0 C

]
With A+B = C (The perpen-
dicular axis theorem). Also,
A ≥ 0, B ≥ 0.

[I o] =

 y2

/o −x/o y/o 0
−x/o y/o x2

/o 0
0 0 x2

/o + y2
/o


d m

[I o] = [I cm] + m




y2
cm/o −xcm/o ycm/o 0

−xcm/o ycm/o x2
cm/o 0

0 0 x2
cm/o + y2

cm/o︸ ︷︷ ︸
d2




︸ ︷︷ ︸
The 3D Parallel Axis Theorem. The 2D thm concerns the lower right terms of these 3 matrices.

General moments of inertia.  The tableshows a point mass, a general 3-D body,
and a general 2-D body. The most general cases of the perpeendicual axis theorem
and the parallel axis theorem are also shown..

Table III

x
O

y

z

Point mass

xO

y

z

General 3D body

xO

y

z

General 2D Body

d



Object [I ]

I cm
zz = 1

12
m�2, [I cm] = 1

12
m�2

[
0 0 0
0 1 0
0 0 1

]

I O
zz = 1

3
m�2, [I O ] = 1

3
m�2

[
0 0 0
0 1 0
0 0 1

]

I cm
zz = m R2, [I cm] = m R2


 1

2 0 0
0 1

2 0
0 0 1




I cm
zz = 1

2
m R2, [I cm] = m R2


 1

4 0 0
0 1

4 0
0 0 1

2




I cm
zz = 1

12
m(a2 + b2), [I cm] = 1

12
m


 b2 0 0

0 a2 0
0 0 a2 + b2




[I cm] = 1

12
m


 b2 + c2 0 0

0 a2 + c2 0
0 0 a2 + b2




[I cm] = 2

5
m R2

[
1 0 0
0 1 0
0 0 1

]

Table IV
Examples of Moment of Inertia

Moments of inertia of some simple objects. For the rod both the [I cm] and [I O ] (for
the end point at O) are shown. In the other cases only [I cm] is shown. To calculate [I O ]
relative to other points one has to use the parallel axis theorem. In all the cases shown the
coordinate axes are principal axes of the objects.

R
x

y

z

Uniform sphere

x

y

z

a

b

c

Solid Box

x

y

z

a

b

Rectangular plate

x

y

z

Uniform disk

R

x

y

Uniform hoop

R

z

x

y

z

Uniform rod

O
�






