Summary of Mechanics

0) Thelaws of mechanics apply to any collection of material or ‘body.’” This body could be the overall system of study
or any part of it. In the equations below, the forces and moments are those that show on afree body diagram. Interacting
bodies cause equal and opposite forces and moments on each other.

1) Linear Momentum Balance (LM B)/Force Balance

Equation of Motion

I mpulse-momentum
(integrating in time)

Conserl/ar[iorl of momentum
(ifY_Fi=0)
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I1) Angular Momentum Balance (AM B)/Moment Balance

Equation of motion

Impulse-momentum (angular)
(integrating in time)

Conservation of angular momentum

(if 3> Mc = 0)
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I11) Power Balance (1st law of thermodynamics)

Equation of motion

for finitetime

Conservation of Energy
(ifQ=P=0

Statics

(if Ex isnegligible)

Pure Mechanics
(if heat flow and dissipation
are negligible)

Q+ P =Exk+Ep+Ein
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E=0 =
AE=E>x—E;1 =0

Q+ P =Ep+ Ein

P=Ek+Ep

The total force on a body is equal (1)
to its rate of change of linear
momentum.

Net impulseisequal tothechangein (1a)
momentum.

When thereis no net forcethelinear  (1b)
momentum does not change.

If the inertial terms are zero the (Ic)
net force on system is zero.

The sum of momentsisequal tothe (1)
rate of change of angular momentum.

The net angular impulse isequa to  (11a)
the change in angular momentum.

If thereis no net moment about point (11b)
C then the angular momentum about
point C does not change.

If theinertial terms are zero thenthe  (lic)
total moment on the system is zero.

Heat flow plus mechanical power (I1)
into a system is equal to its change

in energy (kinetic + potentia +
internal).

Thenet energy flow goinginisequal  (111a)
to the net change in energy.

If no energy flows into a system, (lllb)
then its energy does not change.

If there is no change of kinetic energy (lllc)
then the change of potential and

internal energy is due to mechanical

work and heat flow.

In asystem well modeled aspurely  (l111d)
mechanical the change of kinetic

and potential energy is due to mechanical
work.



Some Definitions

(Please also look at the tables inside the back cover.)

r o Xx Position .e.q., ¥i = rijoisthepositionof apoint
i relativeto the origin, O)

- dr . . . .

DE—— d—: Velocity .e.0., vj = vj,oisthevelocity of apoint
i relativeto O, measured in anon-rotating
reference frame)

~ dv  d?r . oL .

a = e Acceleration .e.0., ai = aj o isthe acceleration of a
pointi relativeto O, measured in aNew-
tonian frame)

® Angular velocity A measure of rotational velocity of arigid
body.

a = o Angular acceleration A measure of rotational acceleration of a
rigid body.

N m; vj ISCcrete . .

v; discret
L = B _ Linear momentum A measure of asystem’s net transl ational
J vdm  continuous rate (weighted by mass).
= MiotVem
- > mia; discrete ) .
L = N _ Rate of change of linear | Theaspect of motionthat balancesthenet
Jadm  continuous momentum force on a system.
= Migtdcm
_ 2T /X m v; discrete .
H: = R R _ Angular momentum about | A measure of therotational rate of asys-
J/7,c xvdm  continuous point C tem about a point C (weighted by mass
and distance from C).
N > Fi/c x mjaj discrete .
H: = - R _ Rate of change of angular mo- | Theaspect of motionthat balancesthe net
J7¥/cxadm  continuous | mentum about point C torque on a system about a point C.
23 mv? discrete o _
Exk = Kinetic energy A scalar measure of net system motion.
3 [v2dm  continuous
Eint = (heat-like terms) Internal energy The non-kinetic non-potential part of a

system’stotal energy.

P = > Fi-vi + > M; & Power of forces and torques The mechanical energy flow into a sys-
tem. Also, P = W, rate of work.
g g
[I°M= | g,“ I w |§g‘ Moment of inertiamatrix about | A measure of how mass is distributed in

| cm | cm | cm
Xz yz 7z

cm

arigid body.




Linear Momentum

TABLEI

Momenta and energy

Angular Momentum Kinetic Energy
L a) i—9r (b i (© i.-95 d E €
What system ( ) L_dtL ( ) c Hc_dtHc ( ) K ( )
In General N N A . . Lo
~ X X N Hext + HeyJ + Hezk 7 H
Li + Lyj + Lok L+ Lyj+ Lok * ek Hoxd + Heyj + Hek _
= Mot Uem = Miotdem = Fem/C X UemMiot + Hy = Fem/C X GemMyot + ﬁcm Em(m Vem + Ek /em (1)
= %(m(olfcm) _d . _ . -
F=ma" = gt (no such thing) = (no simple general expression)
One Particle P Mpvp Mpdp Tp/c X UpMp Fp/c X dpMp %mpvP 2
System of m 3 - = = = am 1
- j Ui m; aj Fijc X vim; Fijc x ajm = 2m;
Particles all particlesi a\p;cz\sw all particles dl particles 2 En;m vt (3)
Continuum / vdm / adm / F/cx vdm / Ficxadm 5 v2dm (4)
all mass al mass all mass &l mass al mass
System of Systems m; vj m; aj He He E|
- " Ci Ci Ki
(eg. rigid bodies) all stZsy:sems a\su;y:aems all sub-systems ' a\su;y:aems ' a\waw:am (5)
Rigid Bodies
R N [1om & Fem/c X GemMiot %mlm vgm
Onerigid body - ~ Fem/C X VemiMhot + ) omy AL s B
(2D and 3D) Mot Tem Mot@cm 7 I -05-0 % Hey 1 o (6)
om = +zo-[1 @
H, 2
om <
Ek jom
1 2
;- = . cm 7 = — cm - 7 5 Mot Vem
2D rigid body R ~ Fem/C X UemMiot + |77 wk Fem/c X GemMiot + 17 0k 2
inx Mot Vem Miot@cm —_— —_— (7)
y plane = = Lem 2
With & = wk Hey H,, -¢—§IZZ w
N
Ek jem
Onerrigid body
if Mot Motd, 19.-6=H 196+ &x H 15096 8
Cisafixed point totfem fotéom iy c (L c 50078 (8)
(2D and 3D)
2D rigid bo Co 7
g dy . 1Sk .
Cisafixed point Mtot Vem Miot@cm | zwk “M = lo” _|Zczwz (9)
with @ = wk

The table has used the following terms:

Myt =total mass of system,

m; = mass of body or subsystemi,

Fem/c = the position of the center of mass relative to
point C,

v; = velocity of the center of mass of sub-system or
particlei,

a; = acceleration of the center of mass of sub-system
I

H ¢i = angular momentum of subsystem i relative to
point C.

H; = rate of change of angular momentum of sub-
systemi relative to point C.

Hgy = Y F o x (M) angular momentum about
the center of mass

Hpp =Y Fiem * (Mia;) rate of change of angular
momentum about the center of mass

® isthe angular velocity of arigid body,

® = & isthe angular acceleration of the rigid body,
[1€™] is the moment of inertia matrix of the rigid body
relative to the center of mass, and

[1°] is the moment of inertia matrix of the rigid body
relativeto afixed point (not moving point) on the body.



Tablell

Summary of methods of calculating velocity and acceleration

Method Position Velocity Acceleration
Ingeneral, asmeasured | R R R R R R R IR
relative to the fixed r or rp Or rppo v Oor vp Or VUp/g a Oor ap Or ap;g
frame ¥ .

Cartesian Coordinates

rxi+ryj+rzle

vxi—i-vyj—i-vzl:t
=yl +ryj+rk

axi—i-ayj-i-azl} e a
= Uyl + Uy j + 2k
=fxi + Iuyj +ik

Polar Coordinates/ Rég + zk VRER + Vg€ + vk arég +a0éy + ack
Cylindrical = Rég + Rleéy + 7k = (R— R§)ég + (RI + 2R)éy + 7k
Coordinates
' R ate; + ané
Path Coordinates not used veéy ! "

=vé + (UZ/P)én

Using datafrom a
moving frame B with
originat O’ and
angular velocity
relative to the fixed
frame of @ g. The
point P’ isglued to B

?O’/OJ" ?P/O/

Vp 5+ Vpg =

?O’/O"' g X ?‘p//o/-i-:b’?p/o/
—_———

Apyy +ap/3 +208 X Vpg =

Ao

Fojo+®@g x@g x Fp o +®g X Fpor

+£?P/O’ +2§3 X ip/ﬂ
— e’

and instantaneously Vers Vess ap)g
coincides with P.
‘the 5-term accel eration formula
Some facts about path coordinates
The path of aparticleis r (t).
é—d?(s) é_d?(t)ﬂ_f ,?_d_ét_d_ét} é_i eh = &1 %Xé _ 1
'=Tds 0 T Tat ds v YT ds T dte "T oy T PT R

Summary of the direct differentiation method

In the direct differentiation method, using moving frame 8, we calculate vjp
by using a combination of the product rule of differentiation and the factsth

~ s ~ A N ~ ~ — ~
' =wgxi, j=wagxj,andk =g xk,

as follows:

but stop short of identifying these three groups of three termsas

~odt

d N
= — [r 0’/0 =+ I‘p/o/:|||

dt

dr . . . A .
= a[(xz+yJ+zk)+(x/z/+y//+z/k’)]

= G +yj+20+Ki'+ Y +2k) +

(X @3 x i) +Y (@5 x j)+ 7@z x K7}

Tp =

L ] P

y y Fpo
rp
=,
o B
Foj0
(¢) M X
F

5‘0//0 +7rrd + @8 X T'pjO.

We could calculate @ p similarly and would get a similar formulawith 15 non-zero terms
(3 for each termin the ‘five-term’ acceleration formula).




Tablelll

Object [I]
Point mass 000
[I*=m| 0 0 O
0 0O
y
\)
y2+22  —xy —Xz
O X I°l=m| —xy x2+22 —yz
z —xz —yz X242
[ Y2+ 2 —X Xz
/cm /cm JemY/cm /emZ/cm
[Icm] = —X/emY/em X/Zc,m + Z?cm —Y/emZjem dm
L ~X/emZ/em  —Y/emZ/em X/zcm+y/zcm
Genera 3D bOdy If the axes are principal axes of the body.
rA 0 O With A,B,C > 0 and A +
[I"1=| 0 B O B>C B+C > A and
Lo 0 C A+C>B.

y/20 + 250 —X/0Y/0 —X/0Z/0
[1°] = —Xjo¥jo Xl + 2% —Zy/oz/g dm
—Xj0Zjo —YjoZjo  Xjo+ VYo

ygm/o + Z(Z;m/o —Xem/oYem/o —Xem/oZem/o
)= +m| —XemjoYemio  Xamjo T+ Zomo  —YemyoZemyo
—Xem/oZem/o —Yem/oZem/o Xfm/o + ygm/o

The 3D Paralel Axis Theorem

Y/zcm —X/cgnY/cm 0
—X/ecmY/em X/em 0
I°M = 2 2 m
] 0 0 Xiem t ¥Y/em d
—_———

g
General 2D Body

If the axes are principal axes of the body.

A 0 O With A+B = C (Theperpen-
‘M= 0o B 0 dicular axis theorem). Also,
0 0 C A>0 B=>0.
y2 —X 0
/o /0Y/0
[1°] = XY X% 0 dm
0 0 x/2O + y/20
ysm/o _Xcmz/o)’cm/o 0
—Xcm/oYem/o Xem/o 0
[0} cm
[1°] = [I°™ +m 0 A

2 2
Xem/o + Yem/o
—_— ——

d2

The 3D Parallel Axis Theorem. The 2D thm concerns the lower right terms of these 3 matrices.

General moments of inertia. The tableshows a point mass, a general 3-D body,
and ageneral 2-D body. The most general cases of the perpeendicual axis theorem
and the paralldl axis theorem are aso shown..




Table IV
Examples of Moment of Inertia

Object [1]
Uniform rod
Yy cm 1 2 cm 1 2 000
2 = —=me, [["™=—-me| 0 1 0
12 12 00 1
o} < .
X 1 1 0 0 01
7 |Z°Z=§mzz, [Io]:émliz 010
0 0 1

O ONI-
onNIFk O
= O

IS = mR2,  [I°"] = mR? {

O oAk
OO

1
1o = EmRZ, [I°"] = mR? {

NI O O
| I

Rectangular plate
d!

e
YAl

a—

1 1 b2 0 0
I = Em(a2 +b?), [I°M = oM 0 a2 , 0 .
0 0 a2+

Solid Box
y
I/I T 1 b% +c? 0 0
- : b [1°™ = &M 0 a4+ c? 0
/é_.._ , 0 0 aZ+b?
7 l
A=A

Uniform sphere

. cm_g 2
% _____ - [I]_SmR|:

[Nl
[N o]

= OO
L 1

Moments of inertia of some simple objects. For the rod both the [1™] and [1°] (for
the end point at O) are shown. In the other cases only [1°™] is shown. To calculate [1°]

relative to other points one has to use the parallel axis theorem. In all the cases shown the
coordinate axes are principal axes of the objects.








