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Complex nonlinear dynamics arise in many fields of science and
engineering, but uncovering the underlying differential equations
directly from observations poses a challenging task. The ability to
symbolically model complex networked systems is key to under-
standing them, an open problem in many disciplines. Here we
introduce for the first time a method that can automatically
generate symbolic equations for a nonlinear coupled dynamical
system directly from time series data. This method is applicable to
any system that can be described using sets of ordinary nonlinear
differential equations, and assumes that the (possibly noisy) time
series of all variables are observable. Previous automated symbolic
modeling approaches of coupled physical systems produced linear
models or required a nonlinear model to be provided manually. The
advance presented here is made possible by allowing the method
to model each (possibly coupled) variable separately, intelligently
perturbing and destabilizing the system to extract its less observ-
able characteristics, and automatically simplifying the equations
during modeling. We demonstrate this method on four simulated
and two real systems spanning mechanics, ecology, and systems
biology. Unlike numerical models, symbolic models have explan-
atory value, suggesting that automated “reverse engineering”
approaches for model-free symbolic nonlinear system identifica-
tion may play an increasing role in our ability to understand
progressively more complex systems in the future.

coevolution | modeling | symbolic identification

M any branches of science and engineering represent systems
that change over time as sets of differential equations, in
which each equation describes the rate of change of a single variable
as a function of the state of other variables. The structures of these
equations are usually determined by hand from first principles, and
in some cases regression methods (1-3) are used to identify the
parameters of these equations. Nonparametric methods that as-
sume linearity (4) or produce numerical models (5, 6) fail to reveal
the full internal structure of complex systems. A key challenge,
however, is to uncover the governing equations automatically
merely by perturbing and then observing the system in intelligent
ways, just as a scientist would do in the presence of an experimental
system. Obstacles to achieving this lay in the lack of efficient
methods to search the space of symbolic equations and in assuming
that precollected data are supplied to the modeling process.
Determining the symbolic structure of the governing dynamics of
an unknown system is especially challenging when rare yet infor-
mative behavior can go unnoticed unless the system is perturbed in
very specific ways. Coarse parameter sweeps or random samplings
are unlikely to catch these subtleties, and so passive machine
learning methods that rely on offline analysis of precollected data
may be ineffective. Instead, active learning (7) processes that are
able to generate new perturbations or seek out informative parts of
a data set based on internally generated hypotheses may be able to
better track down these important hidden system characteristics.
Here we introduce a method for automatically synthesizing both
the structure and the parameters of ordinary differential equations
from a hidden coupled nonlinear system, given either the ability to
selectively perturb the system or selectively sample from noisy data
produced by it. The method is composed of two processes: The first
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synthesizes multiple models from basic operators and operands to
explain observed behavior (Fig. 1, step b). The second process
synthesizes new sets of initial conditions (new “tests”) that induce
maximal disagreement in the predictions of the candidate models
(Fig. 1, step c). The best of these tests is then used to extract new
behavior from the hidden system (Fig. 1, step a). This alternating
cycle continues until some termination criterion is met.

Partitioning, Automated Probing and Snipping

A number of methods have been previously proposed for symbolic
regression of nonlinear systems, but were limited to producing
linear models (4) or were applied to systems composed of one or
a few interacting variables (8—16). Here we introduce a scalable
approach for automated symbolic regression, made possible by
three advances introduced here: partitioning, in which equations
describing each variable of the system can be synthesized separately,
thereby significantly reducing the search space; automated probing,
which automates experimentation in addition to modeling, leading
to an automated “scientific process” (17-20); and snipping, an
“Occam’s Razor” process that automatically simplifies and restruc-
tures models as they are synthesized to increase their accuracy, to
accelerate their evaluation, and to render them more parsimonious
and human-comprehensible. We describe these three components
and validate their performance on a number of simulated and real
dynamical systems.

Partitioning. Partitioning allows the algorithm to synthesize equa-
tions describing each variable separately, even though their behav-
iors may be coupled. Stochastic optimization (21-24) is used for
synthesizing the equations, as it is well suited for searching open-
ended spaces composed of building blocks. Bayesian networks,
although popular, cannot model mutual dependencies (cycles)
between variables (25), a pattern often encountered in biological
and other regulation (feedback) networks and fundamental to their
operation (26). Indeed, modeling of networks with many interde-
pendencies has been identified as a research priority across the
sciences (27, 28). When using partitioning, rather than integrate
candidate equations for all variables together, a candidate equation
for a single variable is integrated by substituting references to other
variables with data from the system’s observed behavior (see
Methods). This allows us to infer the structure of systems comprising
more variables and higher degree of coupling than were inferred by
other methods (4, 8-16) [see supporting information (SI) Table 4].

Automated Probing. Automated probing transforms a passive mod-
eling algorithm into an active participant in the discovery process.
Rather than passively accepting data from the system under study,
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a The inference process physically performs an
experiment by setting initial conditions, perturbing the
hidden system and recording time series of its behavior.
Initially, this experiment is random; subsequently, it is the
best test generated in step c.

Fig.1. Aconceptdiagram showing flow of the interrogation algorithm. The
cycle (a, b, ¢) is repeated until a fixed period has elapsed. The dotted arrow in
¢ represents the divergence between two models’ predictions about the
future behavior of state variable y. The best test from c that is executed on the
physical system is the set of initial conditions that causes the models to
disagree the most in their predictions (marked by an asterisk). The framework
converges on accurate models by gradually accumulating information about
the system from a series of internally generated, intelligent tests. By period-
ically discarding older tests and replacing them with newer ones, the algo-
rithm cannot only model static systems, but continuously track changing
systems by producing models of its current state.

the automatically synthesized models are used to create a test
tailored to disprove as many of the models as possible. In this work,
a test is considered to be a set of initial values for all of the variables
comprising the system: For example, when inferring equations
describing the single pendulum (Tables 1 and 3), a test is a set of
desired initial values of the pendulum arm’s angle and angular
velocity. Because a new, information-extracting test cannot be
derived from this model set or from the system’s behavior analyt-
ically, candidate tests are optimized to maximize disagreement
across the predictions of the models when supplied with these initial
conditions. The best test, after a fixed period of optimization, is then
either executed on the system and the resulting behavior recorded,
or previously provided data are scanned to find the time step at
which the variable values most closely match this test. The following
time interval is then extracted and provided to the modeling
process. The additional results tend to induce reoptimization of the
current model set into a new set. This alternating cycle of modeling
and testing continues for a fixed period (Fig. 1).

Snipping. Snipping automatically simplifies and restructures models
during optimization. Model optimization occurs by starting the
algorithm with a random set of models; calculating the errors of the
models against all of the system data observed so far; creating
copies of each of the existing models and introducing small, random
changes into the copies; evaluating the new models; and replacing
those models that are less accurate with their modified, more
accurate copies. In this work, models are represented as sets of
equations, and equations are represented as nested subexpressions.
In many trials, it was observed that these expressions grow very
large, but that many of the subexpressions would return values
within narrow ranges during evaluation. This is a symptom of
overfitting (29, 30), often referred to as bloat (31) in the literature
dealing with nested expression-based methods (22): models spe-
cialize to explain the observed data, but explain additional unseen
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Table 1. Inference of noisy, synthetic systems

Synthetic system

Single pendulum

Target do/dt = w

dw/dt = —9.8sin(0)
Best model do/dt = w

dw/dt = —9.79987sin(6)
Median model do/dt = w

dw/dt = —9.8682sin(6)
Lotka-Volterra interspecific competition between two species

Target dx/dt = 3x — 2xy —x?
dy/dt = 2y —xy — y?
Best model dx/dt = 3.0014x — 2xy — x?

dy/dt = 2.0001y — xy — y?
dx/dt = 2.9979x — 2.0016xy—x?
dy/dt = 1.999y — 0.917xy—1.005y2

Median model

High degree decay

Target dx/dt = —x%"
dy/att = —x'y?
Best model dx/dt = —0.925x%"

dy/dt = —1.0585x""y?
dx/dt = 0.77x8y7—0.7x"y°—0.7x"y?
dy/dt = —5.47x%7 + 2.69x% 7
+2.33x5)6 + 2.03x46
—1.58x3y% — 1.36x%5
+0.68x3y%

Median model

The lac operon from E. coli

Target dG/dt = A2/(A2+1)—0.01G+0.001
dA/dt = G(L/(L+1)—A/(A+1))
dL/dt = —GL/(L+1)

Best model dG/dt = 0.96A2/(0.96 A2+1)

dA/dt = G(L/(L+1)—A/(A+1))
dL/dt = —GL/(L+1)

dG/dt = (A2—0.05A)/(A2—0.05A+1)

dA/dt = (G+0.02)(L/(L+1)—A/(A+1))

dL/dt = —0.65(1.97G—G/(G+1) +0.08L2)L/(L+1)

Median model

Thirty independent trials were conducted against each of the four synthetic
systems shown above (with =0.08 noise). The target system itself is shown along
with the final model produced by the best and median trial. 6, angle between
pendulum arm and vertical; , angular velocity; x, population of species 1; y,
population of species 2; G, concentration of p-galactosidase; A, allolactose; L,
lactose.

data poorly. With snipping enabled, when a new model is created
from an older one, subexpressions in the new model are occasion-
ally replaced by a constant chosen uniformly from the range formed
by the minimum and maximum values output by the corresponding
subexpression in the original model. This process tends to yield
more accurate and simpler models, making them more human-
readable.

Table 2. Inference of a biological network from real data

Algorithm 1 Algorithm 2

Common form
Means and standard
deviations
Control
Full algorithm

dh/dt = a+Bh+yl dijdt=5+sh+{l

a = 1.85%105+6.49X 105
B = —46.31* 12.55
y=—-11.18 = 17.48

§=1.51x105 + 1.65x10°
e =26.48 + 3.27
(= —-50.53 +7.02
Means and standard
deviations
Control
Full algorithm

a = 3.42X105+1.56% 106
B = —67.82 = 45.62
y=—10.97 = 52.24

5 =3.10xX10° = 2.34 X 10°
e =32.66 * 4.06
{=—-63.16 = 5.63

A control algorithm (which fully samples the data set) and the full algorithm
(which uses automated sampling of the data set) were both run on historical
data reporting approximated populations of snowshoe hare (h) and Canadian
lynx (/) (36). Thirty independent trials of both algorithms were performed, and
the best model (with lowest error against all observed system data) was output.
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