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Abstract—When lung tissue is subjected to a step in strain, it
exhibits a stress adaptation profile that is a power function of
time. Furthermore, this power function is independent of the
strain, even though the quasi-static stress–strain relationship
of the tissue is highly nonlinear. Such behavior is known as
quasi-linear viscoelasticity, but its mechanistic basis is
unknown. We describe a model of soft tissue rheology based
on the sequential recruitment of Maxwell bodies. The model
is homogeneous in its elemental constitutive properties, yet
predicts both power-law stress relaxation and quasi-linear
viscoelasticity even when the stress–strain behavior of the
model is nonlinear. The model suggests that stress relaxation
in lung tissue could occur via a sequence of micro-rips that
cause stresses to be passed from one local stress bearing
region to another.

Keywords—Soft tissue rheology, Maxwell body, Recruit-

ment, Stress–strain curve.

INTRODUCTION

Lung parenchyma is viscoelastic; the energy im-
parted to it during stretch is initially stored elastically
but becomes dissipated over time as the micro-struc-
tural elements of the tissue gradually rearrange them-
selves toward a state of lower global energy. This
process is known as stress relaxation and is conven-
tionally modeled using constructs containing one or
more Maxwell bodies,11,12 which are elastic springs
connected to resistive dashpots (Fig. 1). For a single
Maxwell body having constant dashpot resistance (R)
and spring constant (E), the decay in stress following a
step increase in strain is exponential with time-constant
R/E. However, when a strip of pre-conditioned lung
tissue is subjected to a sudden step in strain, the log-

arithm of stress relative to initial stress (S), plotted
against the logarithm of time (t) describes an almost
perfect straight line over many decades of t.6,15,31 In
other words,

S ¼ At�k ð1Þ

where k is some positive constant and A is a (usually
nonlinear) function of the static stress–strain proper-
ties of the tissue. Equivalently, the magnitude of the
mechanical impedance of such tissue is a power func-
tion of frequency.6,10

Collections of Maxwell bodies, such as shown in
Fig. 1, will exhibit power-law stress relaxation if their
respective time-constants are distributed hyperboli-
cally.11 However, this seems too contrived given that
power laws are found to describe the stress relaxation
of other biological soft tissues,8 and indeed appear
ubiquitously throughout nature in general.1 It seems
unlikely we should have to account for the genesis of
power laws in terms of one particular type of time-
constant distribution. Conventional Maxwell body
models also run into difficulties when they try to ac-
count for the nonlinear rheological behavior of lung
parenchyma, which exhibits the curious attribute of
being confined to the tissue’s static stress–strain
properties.9,12,20,31 Fung called this phenomenon qua-
si-linear viscoelasticity,11,12 yet its mechanistic basis
remains obscure.

Thus, even though conventional Maxwell body
models may be useful as empirical descriptors, they
apparently fail to capture some key aspect of the
underlying physics that leads to the progressive relief
of stress within lung parenchymal tissue. Here, we
describe a model based on a novel arrangement of
Maxwell bodies that allows them to be recruited
sequentially in order to relax stress. This model
predicts both the power-law stress relaxation and
quasi-linear viscoelasticity that has been observed
experimentally in lung tissue strips.6
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THEORY

The Genesis of Power-Law Behavior

To address the issue of why stress relaxation in lung
tissue should follow a power law, as opposed to any
other monotonically decreasing function of time, we
first note that power laws abound throughout the
natural world and are thought to reflect some general
property of dynamic complexity.1,3 The appearance of
a power law in stress adaptation, which is obviously a
dynamic and complex process, is therefore not entirely
surprising. What is not clear, however, is why the
power law, as opposed to any other functional form, is
the preferred signature of a complex system. This issue
has puzzled the scientific community for decades, and a
number of explanations have been proposed. For
example, West30 suggested that what we often take to
be a power law distribution for the probability of some
event may actually be the tail of a log-normal distri-
bution, which rivals the Gaussian distribution in its
ubiquity. The log-normal distribution results when the
stochastic event in question is the end result of a cas-
cade of necessary prior stochastic events, a mechanism
which certainly has the appropriate level of generality
required of an explanation for power law behavior.
The log-normal distribution is quadratic rather than
straight in a log–log plot, but the right-hand tail of
such a plot can still appear remarkably straight over an
extended range on log–log axes, particularly when the
variance of the distribution is large.

Another theory for the genesis of power law
behavior is self-organized criticality,1,2 which holds
that when a complex dynamic system receives a con-
tinual supply of some currency (be it energy, matter,
stress, or whatever), the currency will tend to become

internally organized near a critical state that poises the
system on the brink of stability. Further supply will
push the system beyond the stable limit, causing an
avalanche of currency redistribution that re-establishes
the near-critical state again. The archetypical example
of self-organized criticality is the sandpile created by
steadily dropping grains of sand onto a surface until
the sides of the pile achieve a critical slope. Further
addition of sand to the center of the pile will then
trigger avalanches that slide down the sides of the pile,
causing the base of the pile to expand while main-
taining the sides at the same critical slope. Computa-
tional and experimental models have shown that the
size and timing of avalanches off the sandpile follow
power-law probability distributions.1

Yet another source of power-law behavior that has
recently received much attention is the ‘‘rich-get-ri-
cher’’ mechanism suggested to be behind the evolution
of hubs in the internet.3,4 The idea here is that a small
number of internet sites, for one reason or another,
gain an unusual amount of early success which feeds
on itself to increase their notoriety in ever increasing
amounts. Most sites, meanwhile, continue to languish
in relative obscurity. Barabasi and co-workers3,4

developed a model of the internet that combines the
rich-get-richer mechanism with probabilistic network
growth. This model produces asymptotic power-law
behavior18 and may explain why such behavior seems
to characterize all manner of complex dynamic net-
works.3

The common thread running though all the above
theories for the genesis of power laws is what might be
termed sequentiality. That is, the appearance of the
stochastic event in question is attributed to a sequence
of necessary antecedent events. Furthermore, each
antecedent event has its own probability of occurring
once given the chance, and must reach completion
before the next event in line is initiated. For example,
when a system becomes self-organized to the critical
state, a little extra push on one of the system compo-
nents causes it to exceed its yield threshold and push
on its neighbor, which then exceeds its own threshold,
and so on. Similarly, to get really rich in the rich-get-
richer model it is necessary to be already pretty rich,
which itself requires being a little bit rich, and so on, so
that attaining a certain level of richness requires that
lower levels of richness be attained first. These con-
siderations suggest that sequentiality may also be the
key to modeling power-law stress adaptation.

Sequentiality is not, however, a feature of con-
ventional models of tissue stress adaptation in which
collections of Maxwell bodies are arranged either in
series or parallel. Consider, for example, the parallel
collection of Maxwell bodies at the left-hand side of
Fig. 1, shown immediately after a step in strain. All

E1 R1

R2E2

R3E3

RnEn

FIGURE 1. A conventional viscoelastic model consisting of
n Maxwell bodies arranged in parallel. Immediately following a
step in strain, shown on the left, the dashpots (resistances R1,
R2,..., Rn) are all fully compressed while the springs (stiff-
nesses E1,E2, ..., En) are all equally extended. Some time later,
shown on the right, the springs are at various stages of
decompression according to their relative time constants (the
ratios Ri /Ei).
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the dashpots are fully compressed and all the springs
are equally stretched. Subsequently, these Maxwell
bodies relax at different rates so that at any later
point in time their springs are at various stages of
decompression, such as the situation shown at the
right-hand side of Fig. 1. Nevertheless, all Maxwell
bodies continue to bear at least some of the total
stress across the model at all times, rather than
taking turns one at a time. The same also applies
when the Maxwell bodies are arranged in series. If
sequentiality is indeed the key to power-law behav-
ior, then to simulate power-law stress adaptation we
require a model whose elements contribute to
the system dynamics in sequence rather than simul-
taneously.

Stress Relaxation Through Sequential Recruitment
of Elastic Elements

The problem with conventional models of stress
adaptation, in terms of their lack of sequentiality, is
not with Maxwell bodies themselves but rather with
how they are arranged. It is possible, however, to
construct a model based on Maxwell bodies that does
exhibit sequentiality provided one also invokes the
notion that dashpots are not simply resistors that resist
movement indefinitely. Instead, we need to think of
dashpots as models of physical pistons sliding inside
cylinders, which can only elongate a finite amount
before the piston slides out of the cylinder and the two
components separate. Consider a single Maxwell body
that bears the entire stress induced by a step increase in
strain, and therefore also accounts for all the initial
dynamics of stress relaxation (Fig. 2, left-hand side).
Let the dashpot of this Maxwell body have a short
length of travel so that its associated spring can only
contract a small amount before the two moving parts
of the dashpot disengage. Further, let the spring have a
negligible resting length, so that when the dashpot
piston slides out of its cylinder the two components
will fly apart as the spring retracts. To prevent the
model from losing its integrity entirely at this point,
connect a second Maxwell body between the piston of
the first dashpot and the right-hand support of the
model. Provided the length of the first dashpot is small
enough, the second spring will have achieved only
negligible extension by the time the first dashpot sep-
arates. Following separation, however, the spring of
the second Maxwell body becomes extended so as to
share the total extension equally with the first spring
(Fig. 2, right-hand side). However, because the exten-
sion of each spring is half the original extension of the
first spring, the stress across the model is also
commensurately lower. Stress relaxation continues to
occur, but now it is the piston of the second dashpot

that is doing the sliding, until it too reaches the end of
its travel and disengages. A third Maxwell body then
comes into play, reducing the common spring stress
even further, and so on. In this way, the task of
adapting to the stress across the model is passed in turn
from one Maxwell body to the next, each time with a
sudden reduction in stress as a new spring is recruited
to share the total extension. The model in Fig. 2 thus
has the characteristic of sequentiality we identified
above as being central to systems exhibiting power-law
behavior.

We now demonstrate that the tension in this model
relaxes according to Eq. (1). Let the elastic behavior of
each spring be given by

S ¼ EDxa ð2Þ

whereE is an elastic constant, Dx is the extension of the
spring beyond its unstressed length, and a is a con-
stant. When a is 1 the spring is Hookean, but arbitrary
degrees of strain stiffening (typical of biological tissue)
are permitted by increasing the value of a above unity.
Suppose we represent a length of tissue as N identical
springs connected in series. If the tissue is stretched
beyond its unstressed length by an amount L, then the
extension of each individual spring is L/N and the
common stress is

S ¼ E
L

N

� �a

ð3Þ

When an additional spring becomes recruited into the
line of stress-bearing elements by the mechanism

E R

FIGURE 2. A novel model of stress adaptation involving the
sequential recruitment of Maxwell bodies. Immediately fol-
lowing a step in strain, the entire stress across the model is
born by a single spring, as shown on the left. After decom-
pressing a short distance, the piston of the dashpot con-
nected to this spring disengages from its cylinder, and a
second spring is recruited to share the strain with the first
spring, as shown on the right. This process continues as ever
more springs are recruited to share the strain and transmit the
stress. All springs have the same stiffness, E, and all dash-
pots have the same resistance, R.
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illustrated in Fig. 2, the total strain remains at L, but
this is now shared equally by N+1 springs each with
extension L/(N+1). Invoking the binomial theorem,
we find the change in S produced by this recruitment to
be

DS ¼ E
L

Nþ 1

� �a

�E L

N

� �a

¼E L

N

� �a

1þ 1

N

� ��a

�1
� �

¼E L

N

� �a �a
N
þ a aþ 1ð Þ

2!N2
� � � �

� �
ð4Þ

If N is large, as would be the case for a macroscopic
tissue strip when each spring represents a micro-con-
stituent of the tissue, then

DS � � aE
N

L

N

� �a

¼ � a

LE
1
a

E
L

N

� �a� �aþ1
a

¼ � a

LE
1
a

S1þ1
a

ð5Þ

Next, we need an expression for the time taken to
relax stress by the amount given in Eq. (5). If the
dashpots have a sufficiently short length of travel, D,
then S remains essentially constant during the
movement of each dashpot. The speed of movement,
v, is inversely related to the dashpot resistance. So as
not to be constrained by the requirement that this
resistance be independent of velocity we will let the
resistive force generated within the dashpot as it
moves be proportional to v raised to some power b.
That is,

Rvb ¼ S ð6Þ

But

v � D

Dt
ð7Þ

where Dt is the time taken for the piston of the dashpot
to move its full length of travel. Therefore,

Dt ¼ DR
1
bS�

1
b ð8Þ

In the limit of continuity, this gives, from Eqs. (5)
and (8),

DS
Dt
! dS

dt
¼ � a

LE
1
aDR

1
b

S1þ1
aþ1

b ð9Þ

Solving this differential equation gives

ZS

S0

�LE
1
aDR

1
b

a
S� 1þ1

aþ1
bð ÞdS ¼ bLE

1
aDR

1
b

aþ b
S�

1
aþ1

bð Þ
" #S

S0

¼ bLE
1
aDR

1
b

aþ b
S�

1
aþ1

bð Þ � bLE
1
aDR

1
b

aþ b
S
� 1

aþ1
bð Þ

0

¼ bLE
1
aDR

1
b

aþ b
S�

1
aþ1

bð Þ � bL�
a
bE�

1
bDR

1
b

aþ b
N

1þa
bð Þ

0 ð10Þ

¼
Z t

0

dt

¼ t

where N0 is the initial number of springs that bear the
initial stress S0, and we used Eq. (3) to define S0.
Rearranging Eq. (10) gives

S ¼ bLE
1
aDR

1
b

aþ b

 ! ab
aþbð Þ bL�

a
bE�

1
bDR

1
bN

1þa
bð Þ

0

aþ b
þ t

2
4

3
5
� ab

aþbð Þ

ð11Þ

Equation (11) thus shows that the stress relaxation
behavior of the model in Fig. 2, following a step
change in strain, is a power law of t only in the
asymptotic sense. That is, as t becomes large, the
functional form for the stress relaxation approaches
that of Eq. (1) where

k ¼ ab
aþ b

ð12Þ

and

A ¼ bLE
1
aDR

1
b

aþ b

 ! ab
aþbð Þ

ð13Þ

Given that power-law stress relaxation is precisely the
behavior we set out to explain, this raises the question
of how big t has to become in order for it to dominate

bL
�a

bE
�1

bDR
1
bN

1þa
bð Þ

0

aþb in Eq. (11). When this happens depends
on the values of the various constants involved, most
of which have so far been assigned arbitrary values.
The only exceptions are that N0 is required to be large
and D is required to be small. Conveniently, we can

make the quantity
bL
�a

bE
�1

bDR
1
bN

1þa
bð Þ

0

aþb small simply by
extending these requirements to be that D is much
smaller than N0 is large. This is readily interpreted in
physical terms as meaning that the length of a dashpot
is small compared to the length of its associated spring
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when extended. In other words, the stress relaxation
profile will quickly asymptote to a power-law in t (i.e.,
assume the form of Eq. (1)) if the amount of stress that
is relaxed by the sliding of a dashpot is negligible
compared to the amount of stress that is relaxed when
the next spring is recruited.

We have thus developed a simple model that
exhibits power-law stress relaxation as a result of the
sequential nature with which its internal stresses are
passed from one dashpot to another. This is the first
of the goals we set out to achieve in modeling the
viscoelastic behavior of lung tissue. The other goal
was to have the value of k be independent of the
strain applied to the tissue, even when its static
stress-behavior is highly nonlinear. Interestingly, it
turns out that no further effort is required to achieve
this second goal because the model in Fig. 2 already
exhibits the required property. This fact is evident
upon inspection of Eq. (12) which shows that k
depends only on the nonlinearities associated with
the stiffness of the spring (a) and the resistance of
the dashpot (b) in each Maxwell body. That is, k is
independent of the strain applied to the tissue. The
model thus predicts that the slope of S(t) in a log–
log plot will always be the same regardless of the
magnitude of the strain, even when the static stress–
strain properties of the tissue are arbitrarily nonlin-
ear. This behavior is characteristic of materials
exhibiting quasi-linear viscoelasticity11 and is pre-
cisely what is found experimentally in strips of lung
tissue.6 The model in Fig. 2 thus exhibits the neces-
sary qualitative behavior to be an effective repre-
sentation of lung tissue viscoelasticity. The next
question is whether it can explain experimental data
quantitatively.

Modeling Stress Relaxation in Lung Tissue

The value of k (Eq. 1) for lung tissue strips has been
observed experimentally to be about 0.045.6 This is
achieved in Eq. (12) when b is also about 0.045 pro-
vided that a is much larger than b, which is almost
certainly the case because a = 1 if the springs in the
model are Hookean, and a > 1 if the springs exhibit
strain stiffening as is seen in lung tissue.6 Substituting
a = 3 (to represent strain stiffening) and b = 0.045
into Eq. (13) gives

A ¼ bLD
aþ b

� � ab
aþbð Þ

E
b

aþbð ÞR a
aþbð Þ

¼ bLD
aþ b

� �0:044

E0:015R0:99

� R

ð14Þ

The last line of Eq. (14) was arrived at by noting
that raising any quantity to a power much less than
unity, such as 0.015 or 0.044, gives a result close to 1.0,
while raising a quantity to a power close to unity, such
as 0.99, gives a result close to the quantity itself. The
model in Fig. 2 thus predicts that stress relaxation in
lung tissue strips should proceed approximately as

SðtÞ � Rt�b ð15Þ

meaning that both A and k in Eq. (1) are determined
only by the resistive properties of the dashpots in the
model, and are essentially independent of the elastic
properties of the springs.

Equation (15) also shows that, just like k in Eq. (12),
A is independent of the size of the step in strain applied
to the model, which differs from experimental obser-
vations on lung tissue that show A to depend markedly
on strain.6 We therefore cannot ascribe the strain
stiffening behavior of lung tissue merely to nonlinear
elasticity of the springs in the model in Fig. 2. This
would be naı̈ve in any case because it is well accepted
that strain stiffening of lung tissue occurs largely
through the progressive recruitment of collagen fibers
to bear the stress as strain increases.19,21 That is, lung
tissue is a meshwork of collagen and elastin fibers in
which, at low strain levels, most of the collagen fibers
are wavy or crimped, and consequently are under little
tension, while the elastin fibers carry the stress. As
strain increases, progressively more collagen fibers
become straightened and take over the stress-bearing
role from their associated elastic fibers. Collagen is
much stiffer than elastin, so this gradual recruitment of
collagen fibers causes a smooth progression toward an
ever steeper stress–strain relationship for the tissue as a
whole.

Such a recruitment mechanism is readily invoked in
a model of lung tissue by considering the model in
Fig. 2 to represent a local region of the collagen-elastic
fiber network comprising a macroscopic sample of
tissue. The tissue is then represented by numerous such
constructs, each with its own unstressed length repre-
senting the strain below which the collagen fibers in the
local region are flaccid. A model based on this notion is
shown in Fig. 3. Multiple parallel copies of the model
in Fig. 2 are connected by lengths of inextensible string
to a pair of rigid members that represent the ends of a
strip of lung tissue. As the rigid members move away
from each other (i.e. as the tissue is strained) the strings
reach their respective taut lengths, li, in progressive
fashion. Once a string is taut, any further increases in
tissue strain will cause its associated stress-adaptation
unit (i.e. the model in Fig. 2) to become strained. Once
this happens the spring recruitment mechanism
described above will begin to occur and the stress
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generated in the unit will adapt accordingly. The static
stress–strain behavior of the tissue strip model is
determined by the distribution of the li. The complete
model of lung tissue is thus characterized by recruit-
ment at two different levels, one operating within each
stress adaptation unit as springs are recruited into line
each time a dashpot fails, and the other operating be-
tween stress adaptation units as the length of string
associated with each unit transits between flaccid and
taut states.

Numerical Simulations

The model in Fig. 3 was simulated numerically as
follows. At t = 0, we consider a series arrangement of
N0 identical springs, each with a rest length of zero and
governed by Eq. (2), to be subjected to a step increase
in strain of magnitude L. The subsequent movement of
the dashpot connected to the final spring in the series
(as per Fig. 2) is calculated using first-order Euler
integration. That is, the dashpot displacement at the
jth time step (xj) is given in terms of x and S at the
previous time step (xj)1 and Sj)1, respectively) by

xj ¼ xj�1 þ
Sj�1
R

� �1
b

dt ð16Þ

where dt is the time step size and x0 = 0. When the
dashpot reaches the end of its travel (i.e. when x = D)
its two components separate and another spring is
recruited to share the internal strain, as illustrated in
Fig. 2. The dashpot connected to this newly recruited
spring then starts to move, beginning at x = 0 and
proceeding until x = D, whereupon a further spring is

recruited, and so on. At each time point the stress
across the model is given by

Sj ¼ E
L� xj
N

� �a

ð17Þ

The model just described is that of a single stress
adaptation unit. To simulate the complete model
shown in Fig. 3, we need to have many such units
connected in parallel, each with its own string length li.
The total stress is the sum of the stresses across each
unit, and is a function of the strain because units are
recruited progressively as strain increases. In general,
to calculate the total stress we would need to know not
only how many units have been recruited, but also how
much each unit had been strained. In the case of the
present model, however, we have the curious situation
that the stress across each unit is independent of its
strain, as shown by Eq. (15). This means that all
strained units carry the same stress at any point in
time. Thus, all we need to know to determine the total
stress is the number of units that have been recruited.
Let M(L) be the cumulative distribution function of
units whose li are less than L, and which equals the
number of units that have been recruited when the
strain applied to the model is L. This gives the initial
stress in the model as

S0 ¼MðLÞE L

N0

� �a

ð18Þ

We used the above model to simulate the stress
relaxation data obtained from lung tissue strips by
Bates et al.6 These investigators subjected degassed
strips of dog lung parenchyma to 10% step increases in
length from three different initial stresses, achieved by
appropriately setting the length of the tissue in each
case after pre-conditioning it with a series of very slow,
large amplitude, cyclic stretches. They then fit Eq. (1)
to each subsequent time-course of stress, relative to its
respective initial stress. To put these data in the context
of the present model, we first note that lung tissue is
unlikely to have truly static stress–strain properties, as
it seems to exhibit dynamics over all time-scales it has
been tested over.20,31 However, when lung tissue is pre-
conditioning to a particular length, any subsequent
stress adaptation at that length is very slow compared
to the adaptation that occurs following a sudden
stretch above the pre-conditioned length. This means
that we can treat the initial tissue stresses in the
experiments of Bates et al.6 as representing the stress–
strain properties of a nonlinear spring connected in
parallel to the sequential Maxwell elements in Fig. 2.
The model in Fig. 3 is thus appropriate for simulating

l1

l2

FIGURE 3. A model of a strip of lung parenchymal tissue.
The two vertical supports represent the ends of the strip. The
gray rectangles represent stress adaptation units that are
identical versions of the model shown in Fig. 2. Each unit is
connected to the left-hand support by a length of inextensible
string that is unstressed when flaccid and which has a taut
length li,i = 1,2... Only those units with taut strings bear
stress. As the tissue is stressed (the two vertical supports are
moved away from each other) progressively more of the
strings become taut and the stiffness of the entire model in-
creases accordingly.
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the stress relaxation data of Bates et al.,6 but in order
to do this we need to know what strains to apply to the
model. The experimental data were obtained using
10% strains applied from three different initial
stresses.6 Using the quasi-static stress–strain curve
shown in Fig. 2 of Bates et al.,6 we estimated these
strains to be in the ratio 1:1.09:1.22.

To reproduce the results of Bates et al.,6 we simu-
lated a single stress relaxation unit (i.e. Fig. 2) starting
with N0 = 1000 springs and proceeding until an
additional 500 springs had been recruited. We arbi-
trarily set the dashpot resistive constant R (Eq. 6) and
the spring elastic constant E (Eq. 2) both to 1.0
(arbitrary units). The constant defining the degree of
elastic nonlinearity of the model springs (Eq. 2) was
arbitrarily set to a = 3 in order to represent strain-
stiffening behavior, as such behavior is what one ex-
pects to find in lung tissue. The constant defining the
resistive nonlinearity of the dashpots (Eq. 6) was as-
signed the value determined above to be appropriate
for lung tissue, namely b = 0.045. To subject the
model to steps in strain of the same three relative
magnitudes as the experimental strains applied to the
lung tissue strips by Bates et al.,6 L was assigned the
values 1.00, 1.09, and 1.22 (arbitrary units). The
dashpot length D was set to the relatively very small
value of 0.0001 (arbitrary units). To produce a stress
dependence on strain similar to that observed experi-
mentally by Bates et al.,6 we scaled the three simulated
stress relaxation profiles according to Eq. (18), using
an empirically determined choice for M(L) of
0.009(e4.2L ) 1). Finally, because the relaxation rates
of the dashpots in the model decrease hyperbolically as
more springs are recruited, the dynamics of the model
vary over an enormous range of time scale that makes
the use of a single integration time step impractical. In
the simulations presented here, we changed the time
step as each new spring was recruited so that approx-
imately 10 time steps were required for each new
recruitment event.

When the model was run using the above sets of
parameters at the three strains, we obtained the stress
relaxation curves shown on log–log axes in Fig. 4(a).
These curves span very large ranges of time that begin
at increasingly smaller scales as the size of the step in
strain increases, due to the fact that the greater initial
strains cause the early spring recruitment events to
occur correspondingly more rapidly. Each curve also
begins with a short concave downward section corre-
sponding to those small values of t for which the
functional form of Eq. (11) does not yet approximate
that of Eq. (1). Beyond these initial curvilinear por-
tions, however, the curves become straight. We re-
gressed the portions of these curves between 0.01 and
100 s (the time scale of the experimental data of Bates

et al.6) against t in log–log space, and obtained values
for A for the three different strains of, in order of
increasing strain, 0.44, 0.65, and 1.14 (arbitrary units).
These lie numerically within the error limits of the
corresponding values for A (in kPa) obtained by Bates
et al.6 of 0.42 ± 0.05, 0.60 ± 0.05, and 1.25 ± 0.22,
respectively. The values of k obtained from the
regressions were all 0.044, which again lie within the
values found experimentally for the three increasing
strains by Bates et al.6 of 0.044 ± 0.005,
0.045 ± 0.004, and 0.046 ± 0.006, respectively.
Finally, when values numerically equal to the initial
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FIGURE 4. Stress relaxation profiles simulated by the model
in Fig. 3. (a) Complete stress–time curves, simulated as de-
scribed in the text, following strain steps of 1 (curve 1), 1.09
(curve 2), and 1.22 (curve 3). (b) The same simulated stress
relaxation data presented so as to correspond to the experi-
mental curves shown in Fig. 3 of Bates et al.6 To achieve this
correspondence, initial stress values of 0.6, 1.1, and 2.1
(arbitrary units) were added to curves 1, 2, and 3 in Fig. 4(a),
respectively, and replotted over the experimental time scale of
0.01–100 s.
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stresses of the three relaxation curves of Bates et al.6

(0.6, 1.1, and 2.1 kPa, respectively) are added to the
corresponding simulated curves in Fig. 4(a), and the
curves are plotted on log-log axes over the range 0.01 s
< t < 100 s, the result (Fig. 4b) is a set of negatively
sloped lines that look virtually identical to the example
experimental stress relaxation data plotted in Fig. 3 of
Bates et al.6

DISCUSSION

A novel arrangement of Maxwell bodies has been
developed in which stress is passed sequentially from
one body to the next as stress relaxes (Fig. 2). There
are no special distributions of constitutive properties
required in this model in order for it to exhibit the
required rheological properties. Indeed, all the Max-
well bodies are identical, yet the model is able to
reproduce both power law stress relaxation and the
separation of static nonlinear and dynamic linear
behavior characteristic of quasi-linear viscoelastic
materials.6,11 When this construct is incorporated into
a distributed parallel model in which stress relaxation
elements are recruited progressively with increasing
strain, we are able to accurately mimic experimental
data from lung tissue strips (Fig. 4). Of course, with
the exception of the parameters a and b, the values of
the other model parameters (E, R, L, D and N0) were
all chosen arbitrarily so as to achieve a good repro-
duction of the experimental data. However, these
parameters merely define the operating characteristics
of the model in Fig. 2, rather than corresponding to
precise entities within the tissue, so what is important is
their combined effect rather than their individual val-
ues. We also chose the fiber recruitment function M(L)
on a purely empirical basis to achieve the appropriate
stress–strain behavior of the complete model in Fig. 3.
Again, however, M(L) is merely intended to imbue the
model with appropriate macroscopic mechanical
properties that arise from a strain-dependent recruit-
ment phenomenon reminiscent in character to that
known to occur in real lung tissue.19

The complete model of lung tissue thus involves
recruitment at two different levels, one being at the
fiber–fiber level (Fig. 3) and the other being at the
level of the elastic elements within each relaxation unit
(Fig. 2). Recruitment at the fiber–fiber level is based
on the well accepted idea that strain stiffening in lung
parenchyma occurs largely through the progressive
transfer of stress from elastic fibers to collagen fibers
as the latter straighten with increasing strain.21

However, we have yet to address the question of what
the smaller scale recruitment events depicted in Fig. 2
might correspond to in real lung tissue, and how such

events could be linked to stress relaxation. The model
in Fig. 2 has thus far been considered as a purely
phenomenological representation of a tissue that
exhibits stress relaxation. Nevertheless is it useful to
think about how its novel structure may embody
something about the mechanisms underlying lung
tissue viscoelastic behavior. One possible interpreta-
tion of the separation of a dashpot in the model is
that it represents the sudden yielding of some struc-
ture within the tissue. Suppose, for example, that lung
tissue can be viewed as a web of elastic fibers
embedded in a viscous ground substance. Further
suppose that these fibers make contact at various
points of intersection where they form temporary
spot-welds capable of resisting some degree of stress,
perhaps with the ground substance acting as a kind of
viscous glue. In order to get the model to behave
quantitatively like strips of lung tissue, we had to
make b equal to 0.045. This implies that the resistive
force in the dashpot is virtually independent of the
velocity of the piston (Eq. 6). Although such behavior
is not what one expects from a Newtonian resistance,
it is precisely how a static friction element behaves.14

Polymer solutions have also been shown to exhibit a
viscosity that decreases with shear rate.26 Thus, the
separation of a dashpot could represent the breaking
of temporary static frictional contact points between
fibers.

To further develop this notion, consider that the
fibers in lung tissue are oriented randomly. We can
then expect some of them to be taut so that their spot-
welds are under tension, while other fibers are crimped
or flaccid and therefore not experiencing any tension.
Those spot-welds under tension would be expected to
break apart over a time-scale that decreases as the
tension in the tissue increases, similar to the separation
of the dashpots in the model. Furthermore, when
failure occurs, the fibers involved will fall away from
each other, causing previously flaccid fibers and their
respective spot-welds to pick up the stress at a some-
what reduced level. At a larger scale, the recruitment of
a new Maxwell element in the model could represent
an actual rip starting at some point within the tissue
and developing as multiple components give out in a
cascade of local stress failure. In any case, the central
idea is that whenever a local structure within a piece of
lung tissue fails, the internal stress is both reduced and
passed on to neighboring structures, which themselves
then become doomed to fail some time later. This
mechanism may even not be limited to lung tissue.
Smooth muscle exhibits length-tension plasticity that
somehow seems to limit the peak force it can generate
when chronically stimulated,5 which Speich et al.27

attributed specifically to breakage of cross-links at the
molecular level.
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In the present study, we have only considered the
modeling of stress relaxation. However, viscoelastic
behavior of lung tissue also manifests in other char-
acteristic ways. For example, when biological tissue,
including lung parenchyma, is subjected to a constant
stress it elongates continually (creeps) at an ever
decreasing rate.11 The model in Fig. 2, on the other
hand, predicts a constant rate of creep, which is
another indication that it cannot completely represent
lung tissue mechanics. This problem is again solved,
however, by the composite model in Fig. 3. In this
model, creep under a fixed extending stress will begin
rapidly because only a small number of collagen bun-
dles are contributing to the stress relaxation. However,
as the creep proceeds, progressively more collagen
bundles will be recruited in parallel to share the stress,
so the rate of creep will slow down accordingly.

Thus far we have only discussed the modeling of
lung tissue rheology in terms of unidirectional length
changes, such as those involved in creep and stress
relaxation. Lung tissue also exhibits characteristic
behavior during length cycling, such as stress–strain
hysteresis and nonlinearity.20,29,31 Modeling such
behavior goes beyond the scope of the present study,
but presumably could be achieved in the model
developed above by invoking the possibility of
re-annealing of spot welds between fibers when the
tissue is compressed following a stretch. Indeed, this
notion was invoked by Speich et al.27 with respect to
the mechanics of smooth muscle. Re-annealing would
not likely occur at exactly the same positions along
each fiber in each cycle, which would result in
hysteresis. Also, tissue compression would result in
derecruitment of collagen fibers in the reverse of the
process described above, allowing the reduced levels of
stress to be re-taken up by the elastic fibers.

The model developed in this study thus suggests that
stress relaxation in lung tissue may occur through a
series of sudden yield events that are random and
disjointed, rather than according to the usual concep-
tion of tissue constituents sliding smoothly past each
other. Such a theory is still entirely hypothetical, of
course, as there does not appear to be any obvious
experimental evidence supporting the existence of such
a mechanism during stress relaxation. Indeed, such
evidence may be difficult to find if the yield events in
question take place at extremely small levels of scale.
For example, Mijailovich et al.22 modeled lung tissue
dynamics as arising from slippage at micro-contact
points along the lengths of adjacent fibers. Such slip-
page events might be extremely difficult to observe
experimentally. Nevertheless, we appear to have
achieved the initial goals of this study, which were to
find possible mechanistic explanations for power-law
stress adaptation and quasi-linear viscoelasticity. In

this regard, the model developed herein may also have
relevance for other biological soft tissues that exhibit
these phenomena such as cartilage,8 although there
may be other mechanisms at play here such as fluid
flow past the extracellular matrix.8

Finally, although the model of stress relaxation
developed above was inspired by a general consider-
ation of power-law processes that lead to the notion of
sequentiality, the central role of sequentiality in the
genesis of power laws has not been rigorously proven
here. Indeed, the ubiquity of power law processes
throughout the natural world has puzzled the scientific
community for many years, so the linking of sequen-
tiality to the production of power-laws in stress
relaxation may have been purely fortuitous. Never-
theless, it is interesting to note that while the above
model of lung tissue stress relaxation accounts for a
power function of time, it was inspired by the
sequential nature of phenomena that manifest as
power-law distributions of probabilities, such as sizes
of sand avalanches2 and numbers of hits to an internet
site.4 Curiously, the existence of two distinct classes of
power law never seems to be made in the literature, yet
they are by no means automatically equivalent because
the amplitude structure of a data series is, to a large
extent, independent of its sequential structure; ran-
domly reordering the elements of a series of data
points usually has a significant effect on its power
spectrum but will leave its histogram unaltered.16 This
suggests that sequentiality may be the common
mechanism underlying phenomena exhibiting power
law behavior either with respect to their ampli-
tudes4,13,25,28 or their temporal structure.6,7,17,23,24

In conclusion, a model of lung tissue mechanics
based on the sequential recruitment of Maxwell ele-
ments has been developed. This model represents an
advance over conventional models based on the
Maxwell element for two reasons: (1) it exhibits power-
law stress relaxation without requiring a special dis-
tribution of constitutive properties among its elements
(the elements are all identical), and (2) it automatically
exhibits quasi-linear viscoelastic behavior, in both
qualitative and quantitative agreement with experi-
mental data. This model suggests that stress adapta-
tion in lung tissue may occur through sequences of
discrete yield events that cause local stresses to be
passed in turn from one stress-bearing region to
another.
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